In this paper, an efficient technique for computing the bound state energies and wave functions of the Schrödinger Equation (SE) associated with a new class of spherically symmetric hyperbolic potentials is developed. This technique is based on a recent approximation scheme for the orbital centrifugal term and on the use of the Fröbenius method (FM). The bound state eigenvalues are given as zeros of calculable functions. The corresponding eigenfunctions can be obtained by substituting the calculated energies into the recurrence relations for the expanding coefficients of the Fröbenius series representing the solution. The excellent performance of this technique is illustrated through numerical results for some special cases like Pöschl-Teller potential (PTP), Manning-Rosen potential (MRP) and Pöschl-Teller polynomial potential (PTPP), with an application to the Gaussian potential well (GPW). Comparison with other methods is presented. Our results agree noticeably with the previously reported ones.
Introduction
It is well known that the exact solution of the Schrödinger Equation (SE) plays a How to cite this paper: Nyengeri, H., Nizigiyima, R., Ndenzako, E., Bigirimana, F., Niyonkuru, D. and Girukwishaka, A. [1] - [6] . Generally, the SE is very difficult to solve for most physical central potentials [7] [8] [9] . It is for this reason that approximation and numerical methods are frequently used to arrive at the solution [6] [10]- [15] .
Recently, the study of hyperbolic and exponential-type potentials has attracted a lot of interest by many authors due to their wide range of applications in physics [ [21] potentials. Moreover, when, in three-dimensional space, the angular momentum quantum number is non zero, one can only solve the SE approximately using a suitable approximation scheme for the centrifugal term [3] . Such an approximation scheme includes the conventional approximation scheme proposed by Greene and Aldrich [13] [22] ; the improved approximation scheme [18] [22] [23] suggested by Jia, Chen and Cui; the elegant approximation scheme [24] [25] ; the approximation scheme proposed by Wei and Dong [25] and a recent approximation scheme suggested by Chen, Lou and You , and given by [9] : ( ) ( ) 
where ϕ , S and t are adjustable dimensionless parameters.
In this work, we use the approximation scheme (1) to deal with the centrifugal term and solve, by means of the Fröbenius method (FM), the SE with the class of hyperbolic potentials defined by ( ) 
where
0 α ∈  and 0 K ∈  . This class includes many potentials, among which:  The modified Pöschl-Teller potential (PTP) [26] which has been used to describe bending molecular vibrations [27] [28] [29] ;  The PTP of the form [17] ( ) ( ) ( )
This potential is an important diatomic molecular potential which has wide applications in physics and chemical physics [30] . It has been used to account for the physics of many systems which includes the excitons, quantum wires, and quantum dots [31] ;  The Rosen-Morse potential (RMP) [18] [21] and the Manning potential [32] which are generally used to explain vibrations of polyatomic molecular [8] [36] which is an important mathematical model for molecular vibrations and rotations [37] [38] ;  The Hartmann potential [20] . This potential exhibits in general an asymmetric double-well. It is therefore hoped that it can serve as a useful tool in the study of phenomena whose behavior is described by asymmetric double-wells [20] . We have to add that the class of potentials under consideration contains all the approximation schemes of the orbital centrifugal term mentioned above. It also can be used to model the Gaussian potential well (GPW) through the expression [6] ( ) ( ) Based on the foregoing, it can be said that the potential under consideration can be reduced to a lot of potentials which are known to play a very important role in many fields of physics such as molecular physics, solid state, and chemical physics. Consequently, it is for considerable interest to find general solution of its associated SE.
The rest of this paper is organized as follows. In Section 2, we apply the approximation (1) to the exact SE, and then convert the resulting equation into a dimensionless eigenvalue problem that can be solved by the use of the FM. In Section 3, we establish the Fröbenius series solution of this problem and show how to determine the bound state spectrum. Section 4 is devoted to three special cases, namely, the MRP, the PTP and the Pöschl-Teller polynomial potential (PTPP), with an application to the GPW in three dimensional space. In each case, the bound state energies obtained by means of the FM are presented and compared with those given by other methods. Finally, we present our conclusions in Section 5.
The Approximate Radial Schrödinger Equation
The time-independent SE for a particle of mass M that moves in three-dimensional space under the effect of a spherically symmetric potential is given by 
Using a new variable of the form
where α α =  b . Obviously, Equation (8) [9] . Substituting this approximation into Equation (8) 
where the j B  coefficients are such that
Expansion around a Regular Singular Point
It is clear that 1 ξ = and 0 ξ = are both regular singular points for the differential Equation (9) . The FM can therefore be applied with the wave function 
It can be verified that ( )
Consequently, Equation (13) can be rewritten as ( 
Note that Equation (19) can be solved near 0 η = by writing
Substitution of Equation (25) into (19) leads to the recurrence relation ( ) . The number of terms in the series (27) is 501. We have chosen fortran 90 as the programming language. One has to add that the truncated series is a function of ε whose zeros correspond to bound state values of ε .
Before finishing this section, we have to indicate that when the class of potentials (2) is subject to the condition that 
By putting the series (12) and its two first derivatives into Equation (28) 
for the expanding coefficients. The j b coefficients are such that
The indicial equation, namely ( ) 
Numerical Results for Some Special Cases
To test the accuracy of our approximate results, we consider three special cases, namely the case of the MRP [1] [2] , that of the Second Pöschl-Teller potential (SPTP) [40] and the case where ( ) ( ) 
The Manning-Rosen Potential
The MRP is defined by [ 
Here, a and the strength parameter A are two dimensionless parameters, while the screening parameter b, having a dimension of length, is related to the range of potential. It can be verified that the class of potentials (2) [2] by a proper approximation of the centrifugal term. Furthermore, a purely numerical integrating procedure has been programmed [43] as well for bound states, invoking the Mathematica package, which offers decent results, especially in the short potential well, i.e., small l and a .
In Table 1 , we report our calculated energies for selected 0 ≠ l states having principal quantum number 
The Second Pöschl-Teller Potential (SPTP)
We here consider the PTP given by [40] ( ) ( ) ( )
where the parameters λ and κ are relevant to the potential depth, while α describes the width of the potential. The SPTP can be obtained from the class of potentials (2) by choosing Table 2 , the energy levels calculated by the FM, those obtained numerically by means of the Mathematica package developed by Lucha and Schöberl [43] and the approximate analytical ones [40] , respectively for a number of given principal quantum number n and angular quantum number l with some typical values of parameter α . It is found that our results agree noticeably with numerically exact ones. Some of them are even better than those obtained by Chen and Dong [40] . Table 2 . Energy eigenvalues in atomic units ( [6] . In order to show that the potential (35) can have useful applications in physics, we study the three-dimensional SE for the attractive Gaussian potential defined by
where 0 γ > is the well depth and 0 λ > determines its width. Note that this potential has been introduced to model nucleon-nucleon scattering [44] and has played an important role in nuclear physics. In semiconductor physics, the potential (36) has been used as a model potential to investigate the electronic structure of the quantum dots with single or more electrons [45] [46], impurity [47] and excitons [48] .
The radial SE associated with the attractive Gaussian potential (36) 
where r λ = r . By using the approximation scheme (4) in Equation (37), we obtain the following differential equation:
Here 
Conclusions
In this work, we have applied a recent approximation scheme to the centrifugal term 2 r − to solve the SE with a new class of spherically symmetric hyperbolic potentials in the framework of the FM. First, we have shown that our class of potentials can be reduced to a lot of hyperbolic or exponential potentials which are known to play a very important role in many fields of physics. Next, we have proved that the application of the FM to the family of potentials in question allows an easy determination of the bound state spectrum provided that the centrifugal potential is adequately approximated. Finally, we have calculated the Open Access Library Journal bound state energy eigenvalues for three special cases, namely the MRP, the SPTP and the PTPP, with an application to the GPW. For each case, it is found that our results are in good agreement with those obtained by other methods for short-range potentials, i.e., small l and α .
One has to add that our approach can also be used to determine the approximate bound state wave functions. After substituting the calculated bound state energies to the recursion relation (26) or (30) , the coefficients of the generalized series (25) can be successively determined in order to obtain the unnormalized wave functions.
